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Abstract
In the present work, the set of stationary solutions of the Gross-Neveu model in ’t Hooft limit
is extended. Such extension is obtained by striving a hidden supersymmetry associated to dis-
connected sets of stationary solutions. How the supersymmetry arises from the Darboux-Miura
transformations between Lax pairs of the stationary modified Korteweg-de Vries and the station-
ary Korteweg-de Vries hierarchies is shown, associating the correspondent superpotentials to self-
consistent condensates for the Gross-Neveu model.
1 Introduction
The Gross-Neveu model (GN) [1] corresponds to
a quantum field theory for nonlinear interacting
fermions without mass. The model presents some
interesting properties: dynamical mass generation,
asymptotic freedom and spontaneous breaking of
symmetry. Models with interacting fermions and
self-consistent condensates have been used to de-
scribe a long variety of phenomena related to soli-
ton physics, kinks and breathers. Especially in
particle physics [2, 3], superconductivity [4–6] and
conducting polymer models [7–9], among other ar-
eas [10, 11].
In the last 40 years, non-perturbative solution
methods for this field theory in the ’t Hooft limit (or
large N limit) have been studied in detail. The first
analytical solutions in this direction were obtained
by applying the inverse scattering method [12, 13],
which allowed to relate fermionic condensates to su-
perpotentials of pairs of reflectionless systems of the
Schro¨dinger type in 1 + 1D, thus bringing to light
a hidden nonlinear N = 4 supersymmetry in the
stationary sector of the GN model [14–16]. The in-
verse scattering method has allowed the generation
of an infinite family of semi-classical condensates,
corresponding to one-gap (massive) Dirac poten-
tials with solitary defects in its spectrum [17].
A more general method to construct analytical
solutions was found by applying the series expan-
sion of Gorkov resolvent [10], obtaining as a more
general condition that the GN model semi-classical
stationary condensates must be solutions of the
inhomogeneous stationary modified Korteweg-de
Vries hierarchy (s-mKdVh). This led to the con-
struction of exact periodic inhomogeneous conden-
sate solutions known as kink crystals and kink-
antikink crystals, which have already been found
as self-consistent condensates through the Hartree-
Fock approximation [18–20]. Such condensates cor-
respond to two- and three- gap potentials for the
Dirac Hamiltonian or Bogoliubov-de Gennes oper-
ator in 1 + 1D.
The most important results in this paper are:
• The extension of the stationary scalar con-
densates for the Gross-Neveu model to the
most general form, as finite-gap Dirac po-
tentials with solitonic defects. Such exten-
sion is achieved by using the supersymme-
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try hidden in the system. The supersymmet-
ric method presented below allows to evade
the inverse scattering approach and to al-
gebraically construct infinite families of ex-
tended Schro¨dinger Hamiltonians with cen-
tral charge and nonlinear N = 4 super-
symmetry starting from the exactly solvable
finite-gap Schro¨dinger systems. When one
pair of fermionic integrals are of order one, it
is possible to identify any of such fermionic in-
tegrals and the central element of the respec-
tive superalgebra with the Lax pair formula-
tion of an equation in the s-mKdVh. Thus,
the stationary condensate solutions of the GN
model are identified with the superpotentials
that define the set of fermionic integrals of or-
der one. The nonlinear N = 4 hidden super-
symmetry is observed by using the Darboux-
Miura transformations and the Lax pair for-
malism of the s-KdVh and the s-mKdVh.
• From the recurrence relations in the con-
struction of the s-mKdVh and the algebro-
geometric formalism, the self-consistency
equations that fix the occupation of the al-
lowed states by the fermions of different fla-
vors for each condensate are written in form
of a consistent system of equations with more
unknowns than equations, therefore there are
an infinite number of solutions. As an ex-
ample, a special case of ground state that al-
lows the decoupling of the occupations among
bound states is studied. For this example the
occupation of each bound state only depends
on its energy and the occupation of the states
in the spectrum of the finite-gap background.
This work is structured as follows: in Sec. 2,
by means of the method of series expansion of the
Gorkov resolvent, the self-consistent condensates of
the GN model are identified with solutions of the
s-mKdVh. In Sec. 3, the s-KdVh and one useful
Lax pair formulation of it are summarized, show-
ing their relation to symmetries in Quantum Me-
chanics. How to obtain s-mKdVh solutions start-
ing from s-KdVh solutions will also be shown. In
Sec. 4, the contents of the previous section are
connected to Crum-Darboux spectral transforma-
tions and their relation to supersymmetric Quan-
tum Mechanics is introduced. In Sec. 5, algebro-
geometric/finite-gap solutions of the s-KdVh are
presented in Its-Matveev form. Through Crum-
Darboux transformations, infinite families of finite-
gap potential with soliton defects are obtained.
Two types of spectral transformations are studied
from finite-gap potentials, which in Sec. 6, will be
related to three types of solutions of the GN model
with different spectral characteristics. Finally, in
Sec. 7, the self-consistency conditions of the sta-
tionary condensates of the GN model will be stud-
ied. As an example, the condensate with solitonic
potential well defects on a two-gap background will
be detailed.
2 The GN model, series expansion
of the Gorkov resolvent and the
s-mKdVh
The GN model is described by the Lagrangian
LGN =
N∑
j=1
ψ¯ji∂/ψj +
g2
2
(
N∑
j=1
ψ¯jψj
)2
, (2.1)
where ψj , for j = 1, 2, . . . , N , correspond to N
fermions of different flavors. A bosonization is
allowed for this model, where the bosonic field
corresponds to the fermionic condensate ∆ =
−g2
(∑N
j=1 ψ¯jψj
)
.
Through the path integral approach, an effec-
tive action Seff for ∆ can be obtained,
Seff = −
∫
∆2
2g2
d2x− i N ln det [i ∂/ −∆] . (2.2)
At the ’t Hooft limit, where N →∞ and g2N ∼ 1,
it is possible to use the saddle point method to en-
sure the convergence of the two-point propagator
associated with (2.1). The convergence happens
for the minimums of (2.2). The variation of such
action for the stationary case yields the following
consistency equations
∆(x) = −iNg2trD,E
[
γ0R(x; E)] , (2.3)
where R(x; E) ≡ 〈x|(HD − E)−1|x〉 is a 2 × 2 ma-
trix known as the Gorkov diagonal resolvent of the
2
Bogoliubov-de Gennes operator or Dirac Hamilto-
nian in 1+1D,
HD =
( −i d
dx
∆(x)
∆(x) i d
dx
)
, HDΨ = EΨ , (2.4)
γ0 = σ1. Thus, the solutions of (2.3) correspond
to the semi-classical solutions of the GN model.
At this point, it is possible to connect with the
Hartree-Fock treatment of the GN model, where
the consistence equation for the condensate ∆ is
related to the population of fermion flavors in the
form
∆(x) = −g2
(∑
occ
ψ¯ψ
)
, (2.5)
where
∑
occ corresponds to the sum over all occu-
pied states in the spectra of (2.4), taking into ac-
count the flavor degeneration.
By exploiting the properties of the resolvent in
(2.3), a general approach to construct analytical so-
lutions for the model was found [10,11]. The resol-
vent R(x; E) satisfies the following algebraic prop-
erties R = R†, trD (Rσ3) = 0, detR = −14 and also
satisfies the Dickey-Eilenberger equation [21]
∂
∂x
Rσ3 = i
[(E −∆
∆ −E
)
, R σ3
]
. (2.6)
The power series expansion of the Gorkov resol-
vent on energy variable, R =
∑∞
n rn(x)/En, can be
truncated in order to find analytic solutions for the
condensate ∆(x). In this case the resolvent takes
the form
Rn(x; E) = N (E)
n∑
l=0
En−l
(
gˆl(x) fˆl−1(x)
fˆ ∗l−1(x) gˆl(x)
)
,(2.7)
under the condition
fˆn = 0, (2.8)
the latter is known as the n-th equation of the s-
mKdVh, where gˆl(x) and fˆl(x) are completely de-
fined by (2.6) in the following recursive form
fˆl = − i
2
fˆ ′l−1 +∆ gˆl,
gˆl = i
∫ (
fˆl−1 −∆ fˆ ∗l−1
)
dx+ cDl ,
fˆ−1 = 0, fˆ0 = ∆(x), gˆ0 = c
D
0 = 1, (2.9)
where cDl are real integration constants, c
D
2j+1 = 0,
j, l ∈ N0.
The truncation condition (2.8) defines ∆(x) as
a solution of the s-mKdVh. The first five equations
in the hierarchy correspond to
fˆ−1(x) = 0,
fˆ0(x) = ∆(x),
fˆ1(x) = − i
2
∆′,
fˆ2(x) = −1
4
(∆′′ − 2∆3) + cD2 ∆,
fˆ3(x) =
i
8
(∆′′′ − 6∆2∆′)− ic
D
2
2
∆′.
This hierarchy of equations corresponds to in-
tegrable systems and can be solved by algebro-
geometric methods. This is because the equations
in the s-mKdVh allow Lax pair formulation, which
corresponds to write (2.8) as two commutating op-
erators [HD, PD] = 0, where PD is a 2 × 2 matrix
differential operator of order n and takes the role of
the Lax-Novikov integral of the HD Dirac Hamilto-
nian. For the s-mKdVh, the Lax integral PD takes
the form
PDn =
n∑
ℓ=0
(
gˆℓ(x) fˆℓ−1(x)
fˆ ∗ℓ−1(x) gˆℓ(x)
)
σ3H
Dn−ℓ, (2.10)
for which the Lax equation in the stationary case
is
[PDn , H
D] =
(
0 2fˆn(x)
−2fˆ ∗n(x) 0
)
= 0, (2.11)
This formulation relates stationary solutions ∆(x)
of the mKdVh to scalar potentials for one di-
mensional Dirac Hamiltonian operators that have
Lax-Novikov integral of motion. In addition,
the interpretation of those Dirac Hamiltonians as
Bogoliubov-de Gennes (2.4) operators relates the
∆(x) potentials to the stationary solutions of the
GN model.
The coefficients cDk are related to the edges of
the spectrum of Hamiltonian operator HD,
σ(HD) = (−∞, E0] ∪ [E1, E2] ∪ . . .
∪[E2j−1, E2j] ∪ [E2n+1,∞),
3
E2j−1 ≤ E2j, in the form
cDk =
k∑
i=j0,j1,...,jn=0
j0+j1+..+jn=k
2−2k
2n+1∏
i=0
(2ji)!
(ji!)2(2ji − 1)(Ei)
ji.
(2.12)
The self-consistency equation (2.3) corresponds
to a system of equations that defines the occupa-
tion of each physical state of the spectra of HD by
the different flavors.
Another important behavior of the Lax pair op-
erators is a Burchnall-Chaundy type relationship
between matrix differential operators, which relates
powers of the Lax pair operators in the following
form
PDn
2 = Pn,BC(HD) =
2n−1∏
ℓ=0
(HD − Eℓ), (2.13)
which defines the eigenvalues zD of HD and yD of
PD over a hyper-elliptic curve
(yD)2 =
2n−1∏
ℓ=0
(zD − Eℓ). (2.14)
The latter relation is in the basis of the algebro-
geometric solution method for the s-mKdVh.
The normalization constant N (E) of the dia-
gonal resolvent (2.7) is defined by the condition
detR = −1
4
as follows
Det(Rn(x; E)) = N (E)2Pn,BC(E) = −1
4
. (2.15)
3 The s-KdVh, symmetries in
Quantum Mechanics and s-KdVh
⇋ s-mKdVh Miura transforma-
tion
The supersymmetric method of construction of
new condensates for the GN model is based on
the Miura transformation between solutions of the
mKdVh and the KdVh. In order to introduce this
transformation, first it is necessary to summarize
the s-KdVh, and then how to obtain solutions of
the s-mKdVh from pairs of solutions of the s-KdVh
will be shown.
The s-KdVh corresponds to a set of nonlin-
ear integrable systems, and its equations are re-
cursively defined as follows
fℓ,x = −1
4
fℓ−1,xxx + ufℓ−1,x +
1
2
uxfℓ−1, (3.16)
f0 = 1, being the equations of the s-KdVh
2fℓ,x = 0, (3.17)
Explicitly, one finds
2f0,x = 0,
2f1,x = ux
2f2,x = −1
4
(uxxx − 6uux − 4c1ux)
2f3,x =
1
8
(
16uxxxxx − 5uxuxx − 5u2x − 5uuxx
+15u2ux − 2c1 (uxxx − 6uux)
+8c2ux) ,
...
where cℓ are real valued integration constants.
These equations allow Lax pair formulation in
the form
2fℓ+1,x = i[P2ℓ+1, H ], (3.18)
where [., .] is the usual commutator, and
H = H(u) = − d
2
dx2
+ u, (3.19)
corresponds to the stationary Schro¨dinger operator
in one dimension, ~ = 2m = 1, and the operator
P2ℓ+1 = P2ℓ+1(u, ∂σ(H(u))) (3.20)
= −i
ℓ∑
j=1
(
fℓ−j
d
dx
− 1
2
fℓ−j,x
)
Hℓ,
is called the Lax operator and ∂σ(H(u)) is the bor-
der of the physical spectrum of H(u) that defines
the coefficients cj in P2ℓ+1.
The Lax equation [H,P2ℓ+1] = 0 describes an
odd order integral of motion for each Schro¨dinger
Hamiltonian associated to solutions u of the s-
KdVh. The order of this integral, called the Lax-
Novikov integral, depends on the number of allowed
bands and bound states in the spectrum of such
Hamiltonian.
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The constants cj in (3.18) are defined in func-
tion of the energies Em ∈ ∂σ(H(u)),
ck = −
k∑
i=j0,j1,...,j2g=0
j0+j1+..+j2g=k
2−2k
2g∏
i=0
(2ji)!
(ji!)2(2ji − 1)E
ji
i
(3.21)
where k = 1, ..., ℓ and c0 = 1.
There exists a transformation between the
mKdVh solutions and the KdVh solutions, this is
called Miura transformation. The Miura transfor-
mation is defined by
u = v2 − vx, (3.22)
if v is any s-mKdVh solution, there is a fˆ2n−1 such
that
fˆ2n−1(v) = 0, (3.23)
then due to the identity
fn,x(u) = i(2v − ∂x)fˆ2n−1(v), (3.24)
u is a s-KdVh solution,
fn,x(u) = 0. (3.25)
Note that the inverse affirmation is not correct.
The s-mKdVh is invariant under the change
v → −v, hence the transformation (3.22) allows
to define
u+ = v2 + vx, (3.26)
and
u− = v2 − vx, (3.27)
where u± are both s-KdVh solutions dependent on
v. From another perspective: let two functions
u+(x) and u−(x) that satisfy the same equation in
s-KdVh and depend on a function v(x) as in (3.26)
and (3.27) respectively. In this case, v(x) must sat-
isfy simultaneously (3.24) for v and for −v. By
adding these two equations the following identity
is obtained 4vfˆi = 0, which implies that v must
satisfy s-mKdV equation (3.23). This frame is in
the basis of the hidden supersymmetry of the sta-
tionary sector of the GN model. It is natural to
ask: why change the problem from the search of
one solution of the mKdVh to the search of two
connected solutions of the KdVh?. In the next sec-
tions, it is shown how by starting from an initial
Schro¨dinger potential u+ and its eigenstates, it is
possible to construct through Darboux transforma-
tion a supersymmetric pair u− and a superpoten-
tial v(x). A characteristic of the Darboux trans-
formation is to keep the symmetries, so if u+ has
a Lax-Novikov integral (i.e. a s-KdVh solution)
then u− also has its respective Lax-Novikov inte-
gral (i.e. another s-KdVh solution). By observing
intertwining operators that generate such transfor-
mations (A = d
dx
+v(x)), families of superpotentials
v(x) will be found, which will be solutions of the
s-mKdVh and candidates to self-consistent station-
ary condensates of the Gross-Neveu model.
4 Crum-Darboux transformations
and supersymmetry in 1+1D
The system of equations (3.26) and (3.27) hides a
supersymmetry in its structure. From the point
of view of the Lax pair formulation, u+ defines
the Schro¨dinger Hamiltonian H+ = − d2
dx2
+ u+
and u− defines the Schro¨dinger Hamiltonian H− =
− d2
dx2
+ u−, while v defines the Dirac operator
HD = −i d
dx
σ3+ vσ1. To simplify, an unitary trans-
formation toHD is done, which defines the operator
Q1 = e−iπ4 σ1HDeiπ4 σ1 , such that
Q1 =
(
0 A
A† 0
)
=
(
0 d
dx
+ v
− d
dx
+ v 0
)
, (4.28)
this operator Q1 plays the role of the square root
of
H− E⋆ =
(
H+ 0
0 H−
)
(4.29)
= − d
2
dx2
+ v2 + σ3vx
= Q21 =
1
2
{Q1,Q1}.
The operator H can be interpreted as an extended
Schro¨dinger operator and corresponds to the Wit-
ten Hamiltonian of supersymmetric Quantum Me-
chanics in 1+1D. The Hamiltonian H presents two
fermionic integrals in the form Q1 and Q2 = iσ3Q1
for the grading operator Γ = σ3. The Lie superalge-
bra of these integrals of motion takes the following
form
[H,Qa] = 0, {Qa,Qb} = 2δab(H−E⋆), (4.30)
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where a, b = 1, 2.
Besides, it is possible to observe that Ψ±(x) =
exp
(
± ∫ x
x0
dx′v(x′)
)
are eigenstates (not necessar-
ily physicals) of H± with energy E⋆, or equivalently
H±Ψ±(x) = E⋆Ψ
±(x). (4.31)
Starting from the state Ψ±(x) of H±, u∓(x) is de-
fined as a Darboux transformation of u±(x) in the
form
u±(x)→ u∓(x) = u±(x)− 2 (ln(Ψ±(x)))′′ , (4.32)
this type of transformations plays an important role
in the theory of integrable systems, spectral anal-
ysis and soliton systems. In the context of such
transformations, the components of the fermionic
integrals Q, defined in (4.28), A = d
dx
+ v(x) and
A† = − d
dx
+ v(x) (Hermitian conjugated of A), are
known as intertwining operators between H+ and
H−. Due to the factorizations H+−E⋆ = AA† and
H−−E⋆ = A†A the following intertwining relations
are fulfilled
AH− = H+A, A†H+ = H−A†. (4.33)
These identities play a fundamental role in the
solution of spectral problems of high complexity,
since these allow to obtain the spectrum ofH∓ from
the spectrum of H±, and vice versa. If Ψ±(x, E) is
a state of H± with energy E, then the intertwining
relations (4.33) imply that A†Ψ+(x, E) is a state of
H− with energy E, while A performs the reverse
mapping, AΨ−(x, E) is a state of H+ with energy
E. There will be some problems with the mapping
of the states Ψ±(x), since A can be written as
A = Ψ−(x)
d
dx
1
Ψ−(x)
, (4.34)
so it annihilates Ψ−(x) among the eigenstates of
H−, i.e. AΨ−(x) = 0, while A† annihilates the
state Ψ+(x), of same energy, among the eigenstate
spectrum of H+. In fact by definition
A† = −Ψ+(x) d
dx
1
Ψ+(x)
, (4.35)
Ψ+(x) = 1
Ψ−(x)
, A†Ψ+(x) = 0. At this point, it is
interesting to note that if Ψ±(x) is a concave (con-
vex) state without zeros for x ∈ R then Ψ∓(x) is
a bounded eigenstate of H∓. In this case u∓(x)
shows a solitonic defect in form of potential well,
which supports such bound state.
Darboux transformation is generalized by
Crum-Darboux transformation [22,23]. Such trans-
formation corresponds to the application of succes-
sive Darboux transformations and induces a for-
mulation of non-linear supersymmetry in quantum
mechanics. An order n Crum-Darboux transforma-
tion to Schro¨dinger operator H0 = − d2dx2 + V0(x),
results in a new operator
Hn = − d
2
dx2
+ Vn(x), (4.36)
Vn = V0 − 2 d
2
dx2
logWn ,
whereWn is the Wronskian of n formal eigenstates
ψj of H0, H0ψj = Ejψj , Ei 6= Ej ,
Wn = W(ψ1, . . . , ψn) = detA, (4.37)
Aij = d
i−1
dxi−1
ψj , i, j = 1, . . . , n
The eigenstates Ψ0(x;E) 6= ψj of H0,
H0Ψ0(x;E) = EΨ0(x;E), are mapped to eigen-
states Ψn(x;E) of Hn, HnΨn(x;E) = EΨn(x;E),
through the fraction of Wronskians,
Ψn(x;E) =
W(ψ1, . . . , ψn,Ψ0(E))
Wn
, (4.38)
whereW0 = 1 has been chosen. It is possible to in-
troduce the first-order differential intertwining op-
erators
An =
d
dx
+Wn , (4.39)
Wn = − d
dx
logWn +
d
dx
logWn−1 .
These operators and their conjugate factorize Hn−1
and Hn in the form A
†
nAn = Hn−1 − En, AnA†n =
Hn−En, and intertwine them as follows AnHn−1 =
HnAn , A
†
nHn = Hn−1A
†
n .
The intertwining operator An can equivalently
be represented in the form
Aj = (Aj−1 . . . A1ψj)
d
dx
1
(Aj−1 . . . A1ψj)
=
d
dx
−
(
d
dx
ln(Aj−1 . . . A1ψj)
)
, (4.40)
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where A1 = ψ1
d
dx
1
ψ1
and Aj−1 . . . A1ψj is an eigen-
state of eigenvalue Ej for Hj−1, any other for-
mal eigenstate Ψj−1(E) of Hj−1, Hj−1Ψk−1(E) =
EΨn−1(E), is mapped for Aj in the eigenstate
Ψj(E) = AjΨj−1(E) of Hj with same eigenstate
as HjΨj(E) = EΨj(E).
In this way, it is possible to intertwine Hn
and H0 using the order n intertwining operator
An ≡ An . . . A1 , AnH0 = HnAn, A†nHn = H0A†n.
If Wn 6= 0 and V0(x) is nonsingular, for x ∈ R,
then the extended system H = diag(H0, Hn) is
characterized by a nonlinear supersymmetry de-
pendent on the scattering data of the eigenstates
used in Crum-Darboux transformation. In the su-
peralgebra there exist two nilpotent Z2-odd anti-
diagonal supercharges Q+ = A
†
nσ+ =
1
2
(Q2 + iQ1)
and Q− = Anσ− = Q
†
+, [Q±,H] = 0, Q2± = 0,
where σ± =
1
2
(σ1 ± iσ2). These generate a non-
linear Lie superalgebra in the form {Qa, Qb} =
2δab
∏n
ℓ=1(H− Eℓ).
This supersymmetric representation shows a
spontaneous breaking of symmetry, which depends
on the spectral data of the chosen ψi states. The
H(u) Schro¨dinger operator has an order two formal
degeneration for each energy level, so the election
of the states ψi is arbitrary, and in general, it is a
linear combination between the pair of linearly in-
dependent states of same energy. There are states
that through Darboux transformations produce i)
nonlinear phase shift in the initial potential, ii) one
defect in initial potential with form of soliton po-
tential well and/or iii) singularities. In addition to
the above, special elections of pairs of states that
produce singularities can altogether generate one
or two soliton defects, supporting bounded states
in the forbidden gaps of the spectrum of the initial
potential.
It is possible to differentiate between three su-
persymmetric frames: exact, broken and partially
broken supersymmetries. Let Hn and ψi be de-
fined as in 4.36, the supersymmetry associated to
H is exact if Hn (H0) has a normalizable ground
state of energy Ei lower than the energy of the
ground state of H0 (Hn). In this case, H sup-
ports a ground state in the form Ψ0 = (0,Anψ
⋆
i )
T
( Ψ0 = (ψi, 0)
T ), where ψ⋆i is a state of H0 of en-
ergy Ei linearly independent to ψi, thus the ground
state Ψ0 is annihilated for all generators of super-
symmetry QjΨ0 = 0, j = 1, 2.
The supersymmetry is broken if H0 and Hn
have both normalizable ground states of same
energy Ei, such that H has two normalizable
ground states Φ0,0 = (
√∏n
ℓ=1(E0 − Eℓ)ψ0, 0)T and
Φ0,n = (0,Anψ0)
T , where ψ0 is the bound state
of H0. In this case the generators of super-
symmetry do not annihilate the ground states,
rather they transform them one into the other
Q−Ψ0,0 =
√∏n
ℓ=1(E0 − Eℓ)Ψ0,n and Q+Ψ0,n =√∏n
ℓ=1(E0 − Eℓ)Ψ0,0, Q−Ψ0,n = Q+Ψ0,0 = 0.
A third case arises if the lower energy state in
Crum-Darboux transformation ψi corresponds to
the lower energy edge of bands, in this case ψ0 = ψi
and the supersymmetry generators annihilate both
states Q±Φ0,a = 0, a = 0, n. About the latter case,
it is necessary to say that the finite-gap structure of
V0 expands the number of supersymmetry genera-
tors fromN = 2 toN = 4. There is a central exten-
sion of the superalgebra due to the Lax-Novikov in-
tegral present in finite-gap systems. This is called a
partially broken supersymmetry because the initial
two fermionic integrals annihilate the two bound
states while the additional two do not [24].
The central extension is also possible in the first
two cases but it is essential in the definition of the
third one.
An important behavior occurs when Crum-
Darboux transformation takes place, for it makes
possible to preserve the symmetries of the initial
system. For example: let H be a Hamiltonian with
integral of motion P , [H,P ] = 0, a Crum-Darboux
transformation to H allows to define a Hamiltonian
H ′ and an intertwining operator A between H and
H ′, AH = H ′A and A†H ′ = HA†, then through
Darboux dressing to P it results that P ′ = APA†
is an integral of H ′. In simple steps it is proved
that [H ′, P ′] = 0, which ensures that by means of
Crum-Darboux transformation a solution of the s-
KdVh ([H,P ] = 0) yields another solution of the
s-KdVh ([H ′, P ′] = 0). The order of the equation in
the hierarchy solved by the transformed system de-
pends on the order of P ′ and it can be equal, lower
or higher than the initial solution order. This is
possible due to an order reduction mechanism that
relies on the spectral data of H and the states used
in Crum-Darboux transformation. In this direc-
tion, sometimes it is possible to reduce the operator
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P ′ into a lower order operator P˜ ′ due to an iden-
tity in the form P ′ =
∏
i(H − λi)P˜ ′ which ensures
that if P ′ is an integral, then P˜ ′ also is. On the
other hand, if u is a solution of one equation of the
s-KdVh then automatically it is solution of infinite
equations of higher order of the hierarchy. In other
words, if u is a solution of any equation of the hie-
rarchy that defines a Lax pair H and P , [H,P ] = 0,
then it is always possible to construct a new Lax
pair H and P˜ = P
∏n
j=1(H−λj), [H, P˜ ] = 0, where
λj ∈ R and n a positive integer, that corresponds to
the Lax pair formulation of a higher order equation
in s-KdVh.
5 Algebro-geometric solutions of
the s-KdVh and their Crum-
Darboux transformations
In this section the Its-Matveev formula of the
algebro-geometric finite-gap solutions of the s-
KdVh is presented, moreover, two types of spectral
transformations are studied and infinite families of
finite-gap potential with solitonic defects are ob-
tained.
The Lax pair of KdVh Hg,0 = H(ug,0) and
P2g+1 = P2g+1(ug,0, ∂σ(Hg,0)) satisfy the Burchnall-
Chaundy relationship [25]
P 22g+1 =
2g∏
i=0
(H − Ei) , (5.41)
which relates the eigenvalues y of P2g+1 to the
eigenvalues z of Hg,0 through the hyper-elliptic
curve
y2 =
2g∏
i=0
(z − Ei) . (5.42)
The algebro-geometrical method allows to find
the finite-gap solutions in the form of second deriva-
tives of logarithms of Riemann theta functions.
The Its-Matveev formula [26,27] for potentials with
g-gaps, is given by
ug,0(x) = −2 d
2
dx2
ln(θ(xv + φ, τ)) + Λ0, (5.43)
with v,φ ∈ Cg.
The eigenstates for the Hamiltonian associated
to (5.43) are given in the form
ψ(r, x) =
θ(xv + φ+α(r), τ)
θ(xv + φ, τ)
exp (−ixξ(r)) ,
(5.44)
where θ is the Riemann Theta function of genus
g which presents a periodicity in the form θ(z +
a, τ) = θ(z, τ), for a ∈ Zg,
θ(z, τ) =
∑
n∈Zg
exp (2πi < n, z > +πi < n,nτ >) ,
(5.45)
with z ∈ Cg and τ the modular matrix. The genus
g of the Riemann theta function corresponds to the
number of band gaps in the spectrum of the asso-
ciated Schro¨dinger operator [27, 28].
The parameters in (5.43) and (5.44) are com-
pletely defined by the curve (5.42). The modular
matrix is a g × g symmetric matrix with positive
defined imaginary part, whose elements, as well
as the components of v and the constant Λ0, are
uniquely determined by the energies of the edges
of the spectrum of H , while α(r) and ξ(r) also
depend on a point r = (z, y) on the hyperellip-
tic curve (5.42) such that Hψ(r, x) = zψ(r, x) and
P2g+1ψ(r, x) = yψ(r, x). On the other hand, φ de-
pends on the full spectral data of H [27].
Crum-Darboux transformations to solutions in
Its-Matveev form correspond to finite-gap sys-
tems with bound states in their forbidden bands.
An equation in s-KdVh 2fg+l+1,x(ug,l(x)) = 0
with parameters cℓ, ℓ = 0, . . . , 2g + 2l, de-
fined by the energies ∂σ(Hg,l) = {E0, ..., E2g} ∪
(∪i=1,...,l{z(ri,1), z(ri,1)}) has solutions with irre-
ducible P2g+2l+1 when ug,l takes the form
ug,l(x) = ug,0(x)− 2 d
2
dx2
ln(W(ψa1,1,a1,2(r1,1, r1,2, x), . . . , ψal,1,al,2(rl,1, rl,2, x))), (5.46)
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with
ψai,1,ai,2(ri,1, ri,2, x) = ai,1ψ(ri,1, x)(5.47)
+ ai,2ψ(ri,2, x)
real functions, where ai,1 and ai,2 are C constants
and ri,1 and ri,2 are elements in different charts of
the Riemann surface related to hyper-elliptic curve
(5.42) with z(ri,1) = z(ri,2) and y(ri,1) = −y(ri,2),
zi 6= zj , for i 6= j, i, j = 1, . . . , l.
The s-KdVh solution ug,l(x) defines a Lax pair
in the form
Hg,l = H(ug,l(x)), (5.48)
P2g+2l+1 = P2g+2l+1(ug,l(x), ∂σ(Hg,l)),
where the Darboux dressing of the integral P2g+1
yields the identity P2g+2l+1 = AlP2g+1A
†
l , Al =
AlAl−1 · · ·A1 with Aj defined as in (4.39) but
changing ψi → ψai,1,ai,2(ri,1, ri,2, x).
In order to perform a quantum mechanical in-
terpretation, the operator H must fulfill the role
of Hamiltonian and P2g+2l+1 the role of integral of
motion. To ensure real valued observables it must
be required that both H and P be Hermitian op-
erators without singularities in the real axis1. It
is necessary to demand that ug,l(x) have no singu-
larities for x ∈ R and that its spectrum be real,
which implies Ei, zj ,Λ0 ∈ R, for i = 0, . . . , 2g and
j = 1, . . . , l. Under these conditions the operation
† corresponds to the Hermitian conjugation.
To construct ug,l(x) non singular it is possible
to choose ug,0(x) and ug,l(x) − ug,0(x) both non-
singular or both singular but in the latter case the
singularities of the first term must cancel the singu-
larities of the second. To obtain ug,0(x) singular, it
is enough with a correct election of φ. Overall, this
is possible when zi ∈ σ(H)c, where c corresponds to
the complement, i.e. ψai,a2(ri,1, ri,2, x) must be non-
physical states ofH . It is necessary to use the zeros
theorem for the correct choice of sign of the ratio
ai,1/ai,2 for each energy z(ri,1). Note that there are
an infinite number of solutions.
Soliton potential wells added by Crum-Darboux
transformations to solution in Its-Matveev form de-
form the shape of the initial finite-gap potential. It
is possible to obtain different shape types of soli-
tonic potential wells depending on which forbidden
band supports the associated bounded states. The
asymptotic behaviors of the Crum-Darboux trans-
formation correspond to phase shifts in the periodic
structures of the initial potential.
5.1 Types of Miura-Darboux transforma-
tions
Two types of Darboux transformations to ug,l(x)
are interesting. Their differences produce three
types of solutions for the GN model.
Auto Darboux transformations: the real
eigenstates Alψ(r, x) for Hg,l, z(r) ≤ Ei, Ei ∈
∂σ(Hg,l), correspond to nonsingular states of mod-
ulated exponential growing (decreasing), which can
not generate bound states through Darboux trans-
formation. As consequence of Its-Matveev for-
mula, Darboux transformation using Alψ(r, x) con-
nects two shape invariant iso-spectral potentials,
ug,l(x) and u˜
r
g,l(x). The potential u˜
r
g,l(x) differs
from ug,l(x) in phase shifts of the positions of the
solitons (due to changes in the coefficients al,i) and
of the crystal structures that generate each band.
The phase shift in crystal structures is given as fol-
lows
δφ = φ˜
r − φ = α(r), (5.49)
where φ is defined in (5.43) and α(r) comes from
the definition of ψ(r, x) in (5.44). φ and φ˜
r
corre-
spond to vectors whose components are the phases
of the crystal structures in ug,l(x) and u˜
r
g,l(x) re-
spectively.
The operators
Xl(r) = Alψ(r, x)
d
dx
1
Alψ(r, x)
, (5.50)
Xl(r)
† = − 1
Alψ(r, x)
d
dx
Alψ(r, x), (5.51)
intertwine Hg,l = Xl(r)
†Xl(r) + z(r) and H˜
r
g,l =
Xl(r)Xl(r)
† + z(r) = − d2
dx2
+ u˜r(x) in the form
Xl(r)Hg,l = H˜
r
g,lXl(r) and Xl(r)
†H˜rg,l = Hg,lXl(r)
†,
respectively. By being the initial and the trans-
formed potentials iso-spectral by construction,
these must be solutions of the same equation of
1It is not necessary to require this interval as an hermiticity condition (an example of this is the infinite potential well)
but, given the nature of solitonic potentials, this is the most natural choice for present type of systems.
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the s-KdVh with exactly the same coefficients
cℓ. Thus, H˜
r must have a Lax-Novikov integral
P˜ r2g+2l+1 = P2g+2l+1(u˜
r
g,l(x), ∂σ(Hg,l)), such that
[P˜ r2g+2l+1, H˜
r
g,l] = −2i ddxfg+l+1(u˜r(x), ∂σ(Hg,l)). It is
possible to connect the Lax operators through the
intertwining operator (5.50) in the form
X(r)P2g+1 = P˜
r
2g+1X(r), (5.52)
in order to prove this identity, it is enough
to note that X(r)P2g+1 (X(r)P2g+1)
† =
P˜ r2g+1X(r)
(
P˜ r2g+1X(r)
)†
and that any deforma-
tion of (5.52) in the form X(r)P2g+1 = P˜
r
2g+1X(r)+
D(r), with D(r) an intertwining operator between
Hg,l and H˜
r
g,l, is inconsistent for any order of D(r).
The simplest example of auto Darboux transfor-
mation corresponds to chose ψ(r, x) as generator of
the Darboux transformations to ug,0(x). The result
of such transformation is
u˜rg,0(x) = −2
d2
dx2
ln(θ(xv + φ˜
r
, τ)) + Λ0, (5.53)
a shape invariant transformation of ug,0(x) with φ
displaced to φ˜
r
= φ+α(r).
Solitonic Darboux transformations:
these are Darboux transformations constructed
using real states of Hg,l−1 of the form
Ψ[l] = Al−1ψal,1,al,2(rl,1, rl,2, x), where Al−1,
ψal,1,al,2(rl,1, rl,2, x), are defined in (5.47) and the
paragraphs below it.
The intertwining operator
Al = Ψ[l]
d
dx
1
Ψ[l]
(5.54)
A†l = −
1
Ψ[l]
d
dx
Ψ[l],
intertwine Hg,l−1 = A
†
lAl + z(rl,1) with Hg,l =
AlA
†
l + z(rl,1), in the form AlHg,l−1 = Hg,lAl
and A†lHg,l = Hg,l−1A
†
l . The Darboux dres-
sing of the Lax-Novikov integral P2g+2(l−1)+1 of
Hg,l−1 allows to find a Lax-Novikov integral
Pˆ2g+2l+1 = AlP2g+2(l−1)+1A
†
l for Hg,l, such that
[P2g+2l+1, Hg,l] = 0. Since P2g+2l+1 is two orders
greater than P2g+2(l−1)+1, it is possible to note that
ug,l is a solution of an equation in s-KdVh of one
order higher than the initial solution ug,l−1.
In [16,24] the solitonic potentials and their res-
pective Lax-Novikov integrals for the free back-
ground and the Lame´ periodic background have
been studied in detail and concrete norms for the
construction of solitonic potentials have been es-
tablished from the zeros theorem. The simplest
example of solitonic Darboux transformation is to
use ψa1,1,a1,2(r1,1, r1,2, x) as generator of a Darboux
transformation to ug,0(x). The result of such trans-
formation is
ug,1(x) = −2 d
2
dx2
ln (a1,1θ(xv + φ+α(r1,1), τ) exp (−ixξ(r1,1))
+a1,2θ(xv + φ+α(r1,2), τ) exp (−ixξ(r1,2))) + Λ0, (5.55)
the constants ξ(rj,1) and ξ(rj,2) present imaginary
part different from zero for z(rj,1) in the forbidden
bands of the spectrum of Hg,0; this is due to the ex-
ponential grow or decrease of non physical states.
Far from the center of the soliton defect, the soli-
tonic Darboux transformation looks like an auto
Darboux transformation because only nonlinear
phase shifts remain in the transformed potential.
This is due to the asymptotic dominance of one of
the exponential terms in (5.55). Both asymptotic
potentials correspond to potentials in Its-Matveev
form with phase shifts |∆φi| = |αi(r1,2)−αi(r1,1)|,
where i = 1, . . . , g corresponds to the index of each
vector component.
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Figure 1: Examples of stationary condensates of the GN model: solitonic defects on a homogeneous
background. For each graphic are shown the shape of the condensate ∆(x), in blue continuous line, and
its spectrum σ(HD), in green thick lines the continuous spectrum, in dashed red line the band gaps and
in cyan dots the bound states and the band edges. Note that −∆(x) is a condensate solution of the
GN model too, with identical spectrum. a) trivial zero solution, b) homogeneous background with two
kink-antikink defects, c) kink on a homogeneous background with two kink-antikink defects.
Figure 2: Examples of stationary condensates of GN model: solitonic defects on two- and three- gap
scalar Dirac potentials. It is used the same symbology as in Fig. (1) but with a brown dashed thin line
added to show the shape of the finite-gap background, a) two-gap condensate with two modulation shape
solitonic defects that support each two bound states in the external gaps, one in each forbidden band,
b) three-gap background with three solitonic defects, two of them as modulations and one kink-antikink
defect that supports two bound states in the central band gap, c) kink version of previous condensate,
its spectrum additionally contains a zero energy state.
Figure 3: Kink defects look like a domain wall that pushes away two different phases of the condensate,
while soliton defects with energies very close to zero allow to have two transitions between these two
phases, this is due to the spontaneous appearance of a kink and an antikink. The width of the kink-
antikink increases while the energy of the defect approaches to zero, whilst in the zero limit one or both
domain walls can disappear in the spatial infinities.
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6 Stationary condensates for the
GN model
It is possible to differentiate between three types
of stationary solutions for the GN model in depen-
dence of their shapes and the spectrum of their re-
spective Dirac operators: i) Kink finite-gap conden-
sates: in this case, the condensate oscillates around
zero and presents a central allowed band, see Fig.
(1a) and Fig. (2a), ii) Kink-antikink finite-gap con-
densates: in this case the shape of the condensate
oscillate around a constant different from zero and
present a central gap, see Fig. (1b) and Fig. (2b),
and iii) kink on Kink-antikink finite-gap conden-
sates: these condensates are associated to solitonic
Darboux transformations, present a domain wall
that divides two different Kink-antikink finite-gap
phases. such domain wall is supported by a single
bound state of zero energy, see Fig. (1c) and Fig.
(2c). Solitonic defects with Dirac energies closer
then zero allow to construct pairs of domain walls,
see Fig. (3).
Defects on kink-antikink finite-gap con-
densates
Through auto Darboux transformations
∆ = − d
dx
ln(Alψ(r⋆)) (6.56)
are constructed. The pair of Miura transformations
that defines ∆ in (6.56) corresponds to ug,l − z⋆ =
∆2 − d
dx
∆ and u˜r⋆g,l − z⋆ = ∆2 + ddx∆.
The described transformation allows to de-
fine the extended Schro¨dinger Hamiltonian H˜ =
diag(Hg,l, H˜
r⋆
g,l), the fermionic integrals
Q˜1 =
(
0 X1,l(r⋆)
†
X1,l(r⋆) 0
)
(6.57)
=
(
0 − d
dx
+∆
d
dx
+∆ 0
)
,
and Q˜2 = iσ3Q˜1, and also a Lax-Novikov integral
in the form
P˜1 =
(
P2g+2l+1 0
0 P˜ r⋆2g+2l+1
)
, (6.58)
that satisfies the following superalgebra
[H˜, Q˜a] = 0, {Q˜a, Q˜b} = 2δab(H˜ − z⋆), (6.59)
[P˜1, H˜] = 0, [P˜1,Qa] = 0, (6.60)
the identities (6.60) correspond to the Lax pair for-
mulation of the equations of both s-KdVh and s-
mKdVh respectively. Remember that the equa-
tions in the mKdVh are invariant under the change
∆ → −∆ hence ∆ = d
dx
ln(Alψ(r⋆)) also corre-
sponds to a stationary GN condensate.
Additionally, it is possible to define P˜2 =
σ3P˜1 which is another Lax-Novikov integral for H˜,
[P˜2, H˜] = 0. The integral P˜2 together with Q˜a,
a = 1, 2 define a pair of new fermionic integrals
[P˜2, Q˜a] that complete the N = 4 fermionic inte-
grals.
As a consequence of (6.60), the kink-antikink
condensates ∆ described in (6.56) are solutions of
fˆ2g+2l+1(∆) = 0 (see (2.10)), which coefficients c
D
k
are given by the energies ∂σ(Q˜1),
σ(Q˜1) = (−∞,−
√
E0 − z⋆] ∪ [−
√
E1 − z⋆,−
√
E2 − z⋆] ∪ . . . (6.61)
∪ [−√E2g−1 − z⋆,−√E2g − z⋆] ∪ [√E2g − z⋆,√E2g−1 − z⋆] ∪ . . .
∪ [
√
E2 − z⋆,
√
E1 − z⋆] ∪ [
√
E0 − z⋆,∞)
∪lj=1 {−
√
zj − z⋆,
√
zj − z⋆},
where {E0, . . . , E2n} = ∂σ(Hg,0) and zj = z(rj,1) =
z(rj,2) are the solitons energies of the spectrum of
Hg,l. Note that for a common base of eigenstates
the eigenvalues E˜ of Q˜1 and the eigenvalues E˜ of
H˜ are related in the form E˜2 = E˜ − z⋆. This type
of solutions, as seen in Fig. (2,b), correspond to
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self-consistent condensates ∆ with a central energy
band gap.
Defects on kink finite-gap condensates
These are the limit of kink-antikink finite-gap
condensates in which Alψ(r⋆) is the ground state
of Hg,l and it must also correspond to an edge of
band, with energy E2g. In this case P2g+2l+1 and
X1,l(r⋆) share Alψ(r⋆) as kernel, then there exist
S such that P2g+2l+1 = SX1,l(r⋆) and P˜
r⋆
2g+2l+1 =
X1,l(r⋆)
†S†. This produces an order reduction
of the Lax Novikov central integral of the Dirac
Hamiltonian operator Q˜1, where P˜1 = Q˜1S˜1,
S˜1 =
(
0 S†
S 0
)
, [S˜1, Q˜1] = 0. (6.62)
The identity (5.52) defines S˜1 and Q˜1 as the Lax
pair of fˆ2g+2l(∆) = 0 in the s-mKdVh, with coef-
ficients cDk given by the boundaries of spectrum of
Q˜1, ∂σ(Q˜1).
σ(Q˜1) = (−∞,−
√
E0 −E2g] ∪ [−
√
E1 −E2g,−
√
E2 −E2g] ∪ . . . (6.63)
∪ [−√E2g−1 − E2g,√E2g−1 −E2g] ∪ . . .
∪ [√E2 −E2g,√E1 − E2g] ∪ [√E0 − E2g,∞)
∪lj=1 {−
√
zj − E2g,
√
zj −E2g}.
In this case Q˜a, S˜1 and S˜2 = iσ3S˜1 correspond
to the four fermionic integrals of H˜.
Soliton defects plus Kink on kink-
antikink finite-gap bakground
Through solitonic Darboux transformations
∆ = − d
dx
ln(Al−1ψal,1,al,2(rl,1, rl,2, x)), (6.64)
are constructed. In this case, the pair of satisfied
Miura transformations are ug,l−1 − zl = ∆2 − ddx∆
and ug,l − zl = ∆2 + ddx∆.
The extended Schro¨dinger Hamiltonian takes
the form H = diag(Hg,l−1, Hg,l) and its Lax-
Novikov Integral can be written as
P1 =
(
(Hg,l−1 − zl)P2g+2(l−1)+1 0
0 P2g+2l+1
)
,
(6.65)
[P1,H] = 0. In the definition of P1 has been intro-
duced the term (Hg,l−1 − zl) to have operators of
the same order in its diagonal elements, which will
be necessary in the next analysis.
In this case, it is easy to show that P1 plays the
role of integral of motion for the Dirac Hamiltonian
operators
Q1 =
(
0 A†l
Al 0
)
, Q2 = iσ3Q1, (6.66)
[P1,Qa] = 0, (6.67)
on the other hand in Dirac Hamiltonian frame: the
kink nature of the superpotential in Qa generates a
spontaneous order reduction of the s-mKdVh Lax-
Novikov operator P1 because in this case it is pos-
sible to do the factorization P1 = Q1S1,
S1 =
(
0 P2g+2(l−1)+1A
†
l
AlP2g+2(l−1)+1 0
)
,
S2 = iσ3S1, (6.68)
from this point of view, it is allowed the order re-
duction P1 → S1. So taking Q1 as Dirac Hamil-
tonian, the irreducible integral of motion, in form
of the s-mKdV Lax-Novikov operator (2.10), is not
P1 but rather S1,
[Q1,S1] = 0. (6.69)
∆ are the solutions of fˆ2g+2l(∆) = 0 with coeffi-
cients cDk given by the boundaries of spectrum of
Q1, ∂σ(Q1).
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σ(Q1) = (−∞,−
√
E0 − zl] ∪ [−
√
E1 − zl,−
√
E2 − zl] ∪ . . . (6.70)
∪ [−
√
E2n−1 − zl,−
√
E2n − zl] ∪ 0 ∪ [
√
E2n − zl,
√
E2n−1 − zl] ∪ . . .
∪ [
√
E2 − zl,
√
E1 − zl] ∪ [
√
E0 − zl,∞)
∪l−1j=1 {−
√
zj − zl,
√
zj − zl}.
The existence of a zero energy state is directly
related to the kink or antikink nature of ∆.
For a common base of states the energies E of
Q˘ = Q1, Q˜⋆ and the energies E of H˘ = H, H˜ keep
the relation E2 = E− z˘, where z˘ correspond to zl or
z⋆ respectively. The stationary condensates ∆ have
the characteristic property that their spectrums are
always symmetrical with respect to E = 0.
7 Solitonic defects and self-
consistency
The role of the consistence equations (2.7) is to de-
fine the spectrum of fermion matter that composes
each condensate. There exist infinite possibilities to
fill the fermion states in the spectrum of a conden-
sate ∆. Among them, it is possible to differentiate
between ground states and exciton solutions. In
ground state configurations, a particle (hole) oc-
cupies (empties) a state only if those of smaller
(greater) energy are also occupied (emptied), while
exciton configurations allow discontinuities in the
occupation of the states.
By using the identities (2.7) and (2.15), the con-
sistency equation (2.3) for a condensate ∆ with
n+1 gaps and 2l defects, n, l ∈ N0, takes the form
i
∆
Ng2
= trE
[
En+2l∆+Σ√−Π∏lk=1(E2 − E2b,k)
]
,(7.71)
Σ =
⌊n/2⌋+l∑
j=1
En+2l−2j fˆ2j ,
√−Π =
√√√√− 2n+1∏
j=0
(E − Ee,j),
here g2 is the coupling constant of the GN model2,
the constants Ee,j, for j = 0, 1, . . . , 2n + 1, corre-
spond to the energies of the edges of the bands of
HD and Eb,k = −Eb,l+k, 0 < Eb,1 < Eb,2 < · · · < Eb,l,
to the energies of the bound states of HD. Here trE
is defined as
trE ≡ 1
N
N∑
r=1
∫
Cr
dE
2π
≡ 1
N
∫
C
dE
2π
, (7.72)
where the integration paths Cr in (7.72) depend
on the spectrum occupied by the particles and
anti-particles (holes) of flavor r, see Fig. (4).
Thus, the equation (7.71) correspond to a system of
⌊n/2⌋+ l+1 equations that defines the UV cut-off
and the occupation of each state in the spectrum
of HD by the different flavors.
By observing that equation (7.71) must be
fulfilled for any values of fˆ2j = fˆ2j(x), j =
1, · · · , ⌊n/2⌋+ l, it is possible to reduce those equa-
tion in the following set of consistence equations:
one equation for UV cut-off
i
Ng2
= trE
[ En√−Π
]
, (7.73)
2⌊n/2⌋ equations for the occupation of the bands
0 = trE
[ En−j√−Π
]
, (7.74)
where j = 1, · · · , 2⌊n/2⌋, and l equations for the
occupation of the bound states
0 = trE
[
En−2⌊n/2⌋√−Π(E2 − E2b,j)
]
, (7.75)
where j = 1, · · · , l. The unknown variables of these
equations are the occupation fractions ν(|E|) =
n(−|E|)−n(|E|)
N
, −1 < ν(|E|) < 1, where n(E) is the
number of flavors that occupy the eigenstate of al-
lowed energy E .
2To avoid confusions, note that in this section g2 is not related to the genus of the Riemann theta function, for here n
takes this role. 14
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Figure 4: Occupation of fermion matter. The occupation of the fermionic states by each flavor is
characterized by the spectrum of the condensate ∆. Such spectrum defines the poles and the branch
cuts in the argument of the trace in the equation (7.71). Here, it is shown the meaning of the integration
paths for ground state configurations: a) Examples of paths for ground states; the first path leaves holes
in Dirac sea (antiparticles) so its charge Q will be ”negative”. The second case corresponds to a full
Dirac sea, where there are no particles nor antiparticles, thus, the total charge is zero. In the third
case, there are only particles, so it has a ”positive” charge. Since the paths only cross the axis once,
these examples correspond to ground state type paths. The figure b) shows the path Cr for r-th fermion
flavor. The path Cr in b) is identical to the path C
′
r in c). C
′
r results from adding a closed integration
path in the upper plane to Cr, such closed integration path covers the axis Im[z] = 0 with direction
Re[z] = ∞ → Re[z] = −∞ and whose integral, by means of the residue theorem, is equal to zero. d)
The superposition of the integration path of all flavors construct the path C. To simplify, the scattering
zones, of particles and holes, are chosen empty. In other words, the lower allowed band is occupied by
all the flavors, i.e. the path C cover N times the respective branch cut, and the upper allowed band is
empty. On other hand, some flavors occupy the bound states, then the poles are turned by C a number
n < N of times. Other assumption for simplicity is to choose all the states in the bands occupied by
the same number of fermions.
It is interesting to note that the result of (7.75)
for each pair of defects is independent of the other
pairs. The occupation fraction νk = ν(|Eb,k|) for
the pair of bounded states of energies |Eb,k| and
−|Eb,k| depends on the spectral information of the
finite-gap background and only on the modulo of
the energy of such pair of defects, without taking
into account the existence of the other pairs. This
is a characteristic already observed in the solitonic
case in free massive background.
The consistence equations are the same for a
kink condensate as for an identical condensate
without the kink. In kink condensates there are
2l + 1 bound states, where one of such states has
zero energy. In equation (7.71) this change corre-
sponds to multiply numerator and denominator by
E , remaining unchanged the consistence equations.
As consequence, the consistence equations (2.3) do
not fill the occupation of the state of zero energy,
and by definition ν(0) = 0.
In the following, the self-consistency of the con-
densates that present solitonic defects on one- and
two-gap backgrounds will be studied. For simplic-
ity, a ground state occupation will by presented, in
which the states of the lower allowed band are fully
occupied, the states in the upper allowed band are
completely empty and all the states in the allowed
bands have the same occupation fraction.
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One-gap solution corresponds to massive Dirac
particle ∆ = ±M , M > 0. In this case, Dirac
operator Q, see (6.57), connects two copies of
H0,0 = − d2dx2 . The eigenstates of H0,0 correspond
to ψ(k) = eikx, H0,0ψ(k) = Eψ(k), E = k
2, k ∈ R
for physical states and k ∈ I for non physical states.
Through Miura-Darboux transformation, the mas-
sive condensate rises from the state ψ(im) = e−mx,
m = ±M , being ∆ = − d
dx
lnψ(im). Note that for
m = 0 the 0-gap condensate is obtained through
the physical edge of band state ψ(0) = 1 of H0,0.
The one-gap condensates with defects are ob-
tained using non physical states of H0,0 in the form
∆ = − d
dx
ln

W
(
ψ˘1, · · · , ψ˘j , e−mx
)
W
(
ψ˘1, · · · , ψ˘j
)

 (7.76)
where ψ˘2ℓ = sinh(κ2ℓ(x + τ2ℓ)) and ψ˘2ℓ+1 =
cosh(κ2ℓ+1(x+τ2ℓ+1)), with j and ℓ positive integers
and |κℓ| < |κℓ−1| < |m|. In this case, the spectrum
of Q corresponds to
σ(Q) = (−∞,−M ] ∪i=1,...,j −
√
M2 − κ2i
∪i=1,...,j
√
M2 − κ2i ∪ [M,∞),
and the equations (7.75) define the occupation frac-
tion νk of the bound states of the central band in
the form
|Eb,j| = M sin
(πνj
2
)
, j = 1, · · · , l. (7.77)
Note that for this type of condensates the occupa-
tion fractions are related by ν1 < ν2 < · · · < νl.
This result allows solutions of ground state type,
in which any particle of any flavor can exist only if
there exists another of same flavor with the allowed
energy immediately lower.
Within the solutions on finite-gap background,
the inhomogeneous simplest case (modulo spacial
displacements) is the kink crystal background
∆ = − (ln dn(Mx, k))′ (7.78)
= Mk2
sn(Mx, k)cn(Mx, k)
dn(Mx, k)
,
where sn(x, k), cn(x, k) and dn(x, k) are the Ja-
cobi elliptic functions with modular parameter k,
0 < k < 1. The condensate (7.78) is a solution of
the s-mKdVh,
0 = ∆′′(x)− 2∆(x)3 − 2 (k2 − 2)M2∆(x),
this equation is also known as the non linear
Schro¨dinger equation and corresponds to fˆ2(∆) =
0.
From now on, the following relationship be-
tween Jacobi’s Theta function and Riemann’s
Theta function will be used
Θ(x|k) = θ
(
x+
1
2
, τ
)
, τ = i
K′
K
, (7.79)
dn(u, k) =
Θ(u+K)
Θ(u)
Θ(0)
Θ(K)
, (7.80)
where K(.) is the elliptic integral of the first kind,
K = K(k) is the complete elliptic integral of the
first kind and K′ = K(k′), k′ =
√
1− k2.
From the supersymmetric point of view, the
kink crystal condensate connects two Lame´ one-
gap Schro¨dinger potentials displaced in half a pe-
riod: u1,0 = M
2k2(2sn(Mx, k)2 − 1) and u˜(0,0)1,0 =
M2k2(2sn(Mx+K(k), k)2 − 1). The Darboux
transformation that generates this superpotential is
constructed using the ground state ψ = dn(Mx, k)
of the one-gap Schro¨dinger system H1,0. Such Dar-
boux transformation allows to construct a kink two-
gap condensate, with two band gaps separating a
central band [29].
This condensate has a period of 2K(k), defined
in terms of the complete elliptic integral of first
kind K(k).
The spectrum of kink crystal (7.78) is given
by σ(HD) = (−∞,−M ] ∪ [−Mk′,Mk′] ∪ [M,∞) ,
where the energy band gaps correspond to −M <
E < −Mk′ and Mk′ < E < M .
The eigenstates of H1,0, H1,0ψ
α
± = E(α)ψ
α
± are
ψα± (x) =
H (Mx± α)
Θ (Mx)
exp [∓MxZ (α)] , (7.81)
where E(α) = M2dn2(α, k) and Z and H are the
Jacobi Zeta and Eta functions respectively,
Z(u|k) = d
du
lnΘ(u), (7.82)
H(u) = −iq1/4 exp
(
i
πu
2K
)
Θ(u+ iK′) . (7.83)
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q = exp(iπτ) . (7.84)
For more details about these functions and the
spectral properties such as quasi-momentum, see
[16]. The functions Ψα± are parametrized in terms
of the parameter α, which lies in a rectangular do-
main with vertices α ∈ {0,K,K+ iK′, iK′}.
By using chains of Darboux transformations, it
is possible to construct an infinite set of symmetric
condensates with one central allowed band in the
form
∆(x) = − d
dx
ln
(
W (φ(1), . . . , φ(2ℓ), dn(Mx, k))
W (φ(1), . . . , φ(2ℓ))
)
,
(7.85)
φ(2j + 1) ≡ C2j+1ψα2j+1+ (x) +
1
C2j+1
ψ
α2j+1
− (x),
(7.86)
φ(2j) ≡ C2jψα2j+ (x)−
1
C2j
ψ
α2j
− (x), (7.87)
0 < α1 < α2 < ... < α2ℓ < K (7.88)
The spectrum of these condensates is defined by
σ(HD) = (−∞,−M ] ∪2ℓi=1 {−Mdn(αi, k)}
∪[−Mk′,Mk′]
∪2ℓi=1{Mdn(αi, k)} ∪ [M,∞).
It is possible to obtain potentials with 2(2ℓ − 1)
bound states, one way to obtain these is to choose
a parameter Cj and to take either the limit Cj → 0
or∞. With this method, one of the solitons disap-
pears in some of the two spatial infinities, x→ ±∞.
As a consequence of the loss of two bound states,
the characteristic equation in s-mKdVh of the ini-
tial condensates will fall by two orders. In sum-
mary, through this method stationary condensates
∆ are constructed, whose spectra are symmetrical
with respect to E = 0; they also have a finite num-
ber of bands and any number of bound states in
them.
Due to the different occupation number of each
sector of the spectrum, the occupation fraction ν0 is
introduced for the occupation of the states in the
central band and νj , j = 1, · · · , l, for the bound
states.
Because of the symmetries of the spectrum, the
occupation constant ν0 is undefined as in kink case.
Thus, the consistency equation (7.75) for the con-
densate (7.85) takes the form
νl =
2
π
tan−1


√
E2b,l − k′2M2√
M2 − E2b,l

 , (7.89)
the result shows how the effective occupation frac-
tion of the defects relies on their energy and width
of the central band (or the same, the modular pa-
rameter k). The inverse interpretation defines the
energy of the defect in function of the effective oc-
cupation fraction and the width of the central band
|Eb,l| =M cos
(πν1
2
)√
k′2 + tan2
(πν1
2
)
, (7.90)
it is interesting to notice that in limit k′ → 0
known results of the solitonic case in free mas-
sive background are obtained (7.77). In this limit
k → 1, K → ∞ and the kink crystal (7.78)
is reduced to the Callan-Coleman-Gross-Zee kink
∆ = M tanh(Mx) [12].
For more complex condensates, the consistence
equations depend on hyper-elliptic integrals of hig-
ger order.
Discussion and outlook
By using an exotic supersymmetry between finite-
gap systems with defects, the set of analytical sta-
tionary solutions for the GN model has been con-
structed, observing the existence of inhomogeneous
and non-periodic condensates with band structures
and a finite number of bound states.
The Darboux transformation has allowed to re-
cursively construct infinite families of exactly solv-
able Scro¨dinger systems from a finite-gap potential
given by the Its-Matveev formula.
The process of constructing solitary defects
on finite-gap Schro¨dinger potentials has generated
scalar Dirac potentials ( or Bogoliubov-de Gennes
self-consistent condensates) that present solitary
defects on finite-gap backgrounds. Each one of
these Dirac systems exhibit an irreducible integral
of motion corresponding to a Lax operator of the
s-mKdVh.
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The Darboux dressing of the Lax operator of
finite-gap systems has allowed to find the self-
consistency equations for all the stationary con-
densates, having as main characteristic the inde-
pendence of the consistence equations for each pair
of bound states of opposite energy, each one de-
pending only on finite-gap background data and
the modulus of its characteristic energy.
On dependence of their shape and spectrum,
the set of self-consistent stationary condensates
presented here can be separated into three groups.
These condensates necessarily have the form of: i)
kink finite-gap condensates with solitonic defects,
which oscillate around zero and present a central
allowed band, ii) kink-antikink finite-gap conden-
sates with solitonic defects, which oscillate around
a constant different from zero and present a central
forbidden band, and iii) kink domain wall conden-
sates on kink-antikink finite-gap bakground with
solitonic defects, which looks like a kink (antikink)
domain wall that pushes away two kink-antikink
finite-gap phases and supports one bound state of
zero energy in the central forbidden band; the two
kink-antikink finite-gap phases oscillate around op-
posite constants.
In what follows, some interesting related study
problems will be discussed. Important aspects to
be studied about the condensates presented here
are their mass spectrum and their stability. In the
direction of the first point, the study of the Green
function and the density of states of the respective
Schro¨dinger and Dirac equations for finite-gap sys-
tems with defects, are within the research interests
of the author. About the stability of these conden-
sates and their decay channels [17]: the possible de-
cays of allowed bands into bound states or allowed
bands into another allowed bands are mysteries yet
to be revealed.
The thermodynamic role that these condensates
could occupy in GN model is another interesting
point of study, being the most direct approach the
Ginzburg-Landau expansion of the thermodynamic
grand potential [11, 15, 18].
On the other hand, as well as s-mKdVh is re-
lated to the GN model, ZS-AKNS is related to
the chiral GN model or Nambu-Jona-Lasinio model
in 1+1D. There exists a generalization of Dar-
boux transformation for Dirac operators in 1 + 1D.
Particularly, such transformation allows the con-
struction of pseudo-scalar Dirac potentials in form
of soliton defects on finite-gap backgrounds with
spectrum not necessarily symmetric. Although
these potentials also present a Lax-Novikov inte-
gral, they are not solutions of the s-mKdVh, rather
of the ZS-AKNS hierarchy of equations [30, 31].
In general, these potentials correspond to complex
pseudo-scalar potentials with asymmetric spectra,
any number of bound states and a finite number of
energy band gaps. Due to the existence of the Lax-
Novikov integral and an adequate Darboux trans-
formation, it is possible to find a representation for
a nonlinear N = 4 supersymmetry for extended
Dirac Hamiltonians.
The supersymmetric method has proved to be
useful for solving problems of nonlinear interaction
between bosons [32, 33] and problems of nonlinear
interaction between fermions, herein studied. In
this direction, it is interesting to search for uses of
the supersymmetric methods for the study of cou-
pled systems between bosons and fermions.
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